The aim of the present study was to develop a method for multiscale analysis of non-stationary 15 and non-periodic epidemic time series. Indeed, the epidemiologists may need to know the 16 features, at different resolutions, of short duration outbreaks that did not exhibit periodic cycles. 17
1 Introduction 30 Wavelet transform has been more and more applied as an effective tool for non-stationary time 31 series analysis when Fourier analysis cannot be used in order to extract the main characteristics 32 of such series [1, 2] . These characteristics include periodic variations, regime shifts or sudden 33 perturbations and gaps. Wavelet transform has been used as a signal processing tool in different 34 domains such as climatology [3, 4, 5] , geophysics [6] , neurology [7] or image processing [8, 9] , 35 and for statistical estimation methods [10, 11] . More recently, it has been used in epidemiology 36 for analyzing long time series of cases, and as assessing relationships between case time series 37 and factor time series [12] [13] [14] [15] [16] . A complete description of wavelet transform analysis can be 38 found in Torrence and Compo [17] and in Nason [18] . 39
Classically, the studied time series are long-term observations (ten years, or more), and present 40 periodic variations that are studied using periodic wavelets. The main information that can be 41 extracted by such analyses are: i) the frequency analysis, assessing periodicity and periodic 42 changes, ii) the time analysis, assessing variations of time and speed, iii) the comparison of two 43 time series (e.g. epidemic and climatic series [19] ). Wavelet transform analysis is based on the 44 choice of one of the different wavelet functions [20] . This choice is based on the observed 45 characteristics of the time series. Classically, two types of wavelet can be used. The Morlet 46 wavelet function [21] is very useful for frequency analyses of periodic time series [22] . 47
Conversely, the Haar wavelet function is more accurate for time analyses of non-periodic non-48 stationary time series that exhibit rapid changes [17] . Indeed, frequency and time are related 49 by the uncertainty principle [23] . A wavelet function with accurate frequency localization (such 50 3/29 as the Morlet function) can precisely assess frequencies of a periodic time series, but does not 51 present an accurate time localization, leading to less precise analyses of rapid changes. In the 52 case of a recent emergence of a pathogen in a given territory, the lack of historical data 53 precludes from analyzing periodicity (frequency analysis) and leads to analyze time of changes 54 (time analysis). 55
The Haitian cholera epidemic that began in October 16, 2010 [24] rapidly proved to be the 56 world's largest epidemic during the Seventh Pandemic [25] . Cholera is an infectious disease 57 due to toxigenic Vibrio cholera O1, a bacteria that can be directly transmitted from human to 58 human or via environment. As cholera was imported probably for the first time in Haiti, no 59 historical data could be used to assess periodicity (such as seasonality) even after 2 years. 60
Nevertheless, this short-term time series presented rapid variations that could be explained as 61 different regime shifts or epidemic processes. To accurately extract these times of changes in 62 the epidemic process, a periodic wavelet function (such as Morlet function) was thus considered 63 less useful than a time localized wavelet, such as the Haar function. Yet, the Haar function 64 presents discontinuities that lead to discretization problems [26] . The aim of this work was 65 therefore to develop a continuous wavelet function [27, 28] , and apply the corresponding 66 wavelet transform to the non-periodic non-stationary time series of the Haitian cholera 67 epidemic. 68
The present article is organized as follows: Section 2 provides a description of the wavelet 69 transform principles and a brief revue of the different wavelet analysis methods, which 70 highlights the usefulness of the scale and translation parameters. It describes the main 71
properties that should guide the choice of the most suitable wavelet function (continuous and 72 non-periodic). It also presents the new continuous wavelet transform we have developed to 73 assess the non-periodic Haitian cholera epidemic and its relationship with rainfall. Section 3 74 presents the results of the wavelet transform applied to the cholera epidemic in Haiti. Wavelet 75 4/29 spectra of case and rainfall time series were analyzed and cross-wavelet are presented. A 76 comparison to a change point analysis is also presented. Section 4 provides interpretations and 77 discussions of the results. 78 2 Method 79
Signal analysis 80
In most cases, the signal analysis process exhibits several phases: the determination of a 81 spectrum, the coding of information, the transmission, and the reconstruction of the signal. For 82 epidemic time series analysis, the whole analysis process is unnecessary: only the determination 83 of spectra at different scales is necessary. Coding, transmission and reconstruction are not 84 useful from an epidemiological point of view. The epidemic records are given as one-85 dimensional time series and these time series are not stationary. These characteristics are useful 86 to choose an appropriate transform. 87
The Fourier transform is a decomposition of the signal in order to extract the main frequency 88 components. The Fourier transform requires two conditions for the signal. First, the signal 89 must be stationary [7], i.e. with no sudden changes of frequencies and transient periods. 90
Second, it must fit the sum of sinusoids at different frequencies. The Fourier transform does 91 not allow time analysis, and is not applicable in case of sudden frequency variations analysis 92 and scaling change analysis. Moreover, the Fourier integral method considers phenomena in 93 an infinite interval and a spectrum is obtained for the whole signal. This method gives no 94 information on the time localization of a frequency. For all these reasons the Fourier transform 95 cannot be used to analyze a non-periodic non-stationary epidemic time series. 96
The deficiencies of the Fourier transform in time-frequency analysis were observed by Gabor 97 [23] . In order to study signals having frequencies, which depend on time, the Gabor algorithm 98 provides a localized window function. The signal analysis is performed by a sinusoidal wave 99 of finite duration. The Gabor algorithm defines a time window that divides the sinusoidal wave 100 5/29 into finite parts. Between its starting point and its end, the sinusoidal wave has constant 101 amplitude and frequency, and the window is the product of a Gaussian function by a sinusoidal 102 wave. The Gabor function can be written as: 103
where  , t0, f,  are real constants and 2 = −1 . 105
The window, centred at t0, analyzes the corresponding section of the signal series. Then, the 106 window is centred at the following value t1, closed to the previous one, and so on. replaced by pseudo-periodic functions that decay sufficiently fast, oscillating like waves. The 129 mother wavelet integrates to zero, that is: 130
The wavelet transform is well adapted to analyze epidemic time series, providing time-132 frequency analysis at different scales. 133
Wavelet properties 134
Based on a mother wavelet, a wavelet family is obtained by introducing a translation parameter 135 and a scale parameter , and is given by: 136
Where ℝ denote the set of real numbers. 138
The Morlet complex wavelet family can be written as: 139
Where is the angular frequency. 141
The resolution of a wavelet transform varies with the scale parameter . If the analysing 142 wavelet is narrow, its time localization is precise and accurate, and therefore sudden changes 143 will be detected as well as noise. If the analysing wavelet is wide, the large variations of the 144 signal are exhibited, but the resolution is less accurate and the signal is denoised. Then, the function is normalized such as ∫ |Ψ N ( )|²
Where Ψ N is the normalized function. This condition is important for being able to compare the 166 results between each other. 167
Property 3: a function is called an orthogonal wavelet if the following condition is verified: 168 
This condition is not obligatory, but leads to calculation simplifications. 179
Wavelets rarely verify all these properties. It is thus necessary to choose a wavelet which 180 exhibits the properties that are the more useful in the context of the epidemic time series 181 analysis. 182
Choosing a wavelet for non-periodic series 183
The choice of a wavelet, for non-stationary time series analysis, is still an open problem. The 184 wavelet function has to reflect the type of features to be extracted. For evident reason, and like 185 many mathematical and statistical approaches, a wavelet must not be chosen only because an 186 algorithm has been developed to perform a wavelet transform. The wavelet function has to be 187 chosen according to the time series to be analyzed, according to the characteristics to be 188 extracted [10,32], and reaching epidemiologic goals (outbreak detection, epidemic mechanism, 189 seasonality, coherence with environmental time series,...). 190
To choose the right wavelet in our study, we first considered the unnecessary wavelet properties 191 and, second, their mandatory properties to assess epidemic onsets. Reconstruction of the 192 original time series from wavelet coefficients was unnecessary. Therefore, the orthogonality 193 condition (property 3) did not need to be satisfied. In studies of epidemiological time series, 194 the Morlet wavelet has been often used [33] [34] [35] . But all these series exhibited periodic cycles. 195
In this context, the Morlet wavelet was a good compromise between the determination of the 196 frequencies of these cycles and the time localization of epidemic bursts. However, the Morlet 197 wavelet should be used with caution because it does not verify property 1, as the mean is not 198 9/29 null. In our context, studying frequencies was not of interest since we wanted to localize the 199 epidemic bursts. The uncertainty relation implies that a good accuracy of the frequency values 200 leads to a less accurate identification of time localization and conversely. As good accuracy of 201 the time localization was needed in our context, the Morlet wavelet was not chosen. For the 202 same reason we did not choose the Shannon wavelet [18] . 203
Mandatory properties of wavelets for our study were related to the following. We studied a 204 new cholera epidemic over a relatively short period (about 800 days). Epidemiological series 205
was not smooth and exhibited many sudden transitions of large magnitude. The lack of annual 206 period made it unnecessary to have a wavelet defined on the complex set ℂ, but to use only a 207 real wavelet. Our goal was to precisely date the epidemic bursts. Thus, a wavelet well localized 208 in time was needed to obtain a good resolution. To choose the mother wavelet we kept the 209 following properties: 210 − Properties 1: the wavelet integral must be convergent and zero mean, 211 − Property 2: the wavelet must be normalized. 212
Moreover, the wavelet had to decay sufficiently fast. The wavelet that best satisfies these 213
properties is the Haar wavelet [18, 36] . It is real and precisely localized in time. Its main 214 drawback is that this wavelet is a piecewise-defined function and it is not regular. It presents 215 several significant discontinuities with substantial angularities, which may interfere with the 216 practical computation, especially with a discretization in the vicinity of a discontinuity [26] . 217
Hence, this wavelet may be suitable for the analysis of regular functions but not for sudden 218 changes in time such as epidemic time series. Therefore, we chose a smooth and continuous 219 wavelet, with a shape similar to the Haar wavelet. This chosen mother wavelet, called GCP 220 The value of the parameter ∈ ℝ fixes the slope of the wavelet flanks. Depending on the value 224 of this parameter the increase and decrease of the curve is more or less rapid, setting the decay 225 of the wavelet. In the following, will be fixed to 1, unless special statement. This value 226 allowed a rapid return to zero, a sufficiently fast decrease of the wavelet, and a precise time In what follows, the function Ψ( ) represents the GCP wavelet, unless otherwise indicated. 230
This function Ψ is defined on ℝ, convergent, zero mean, and it is a square integrable function. 231
Consequently, the function Ψ is a wavelet. The GCP wavelet family Ψ(t; a, b) is given by: 232 
Wavelet spectrum and cross-wavelet spectrum 263
Real wavelet transform can highlight the local characteristics of a time series, in particular its 264 rapid changes and burst amplitudes. Let us consider the epidemiological series ( ) and the 265 wavelet coefficients ( , ). The local power spectrum is defined as: 266
For a given scale, that is a given resolution, the spectrum varies as a function of the translation 268 parameter. These variations exhibit the spectral peaks of the original time series. The 269 magnitude of each peak represents the epidemic series dynamic: the more rapid the variation, 270 the higher the spectral peak. A nonzero constant time series has a null spectrum. In epidemic 271 analysis, it is of high interest to note the increase or decrease of case toll, but, according to 272 12/29 equation (17), spectra have only positive values. For this interpretability reason, we modified 273 the definition of the spectra as follows: 274 * ( , ) = ( ( , )) × | ( , )| 2 (18) 275
Thus, an increase of the time series at time was characterized by a positive value of * ( , ) 276 at = (the faster the increase, the higher value the spectrum). Conversely, a decrease of the 277 time series at was characterized by a negative value of * ( , ) at = (the faster the 278 decrease, the lower value the spectrum). Absence of change in time series provided a null 279 spectrum, whatever the cholera case toll. 280
As rainfall is an important driver of cholera epidemic, we also analyzed rainfall time series, and 281 compared epidemic wavelet spectra and rainfall wavelet spectra. The wavelet coherence, 282 measuring the cross-correlation between two time series, has been defined for complex 283 wavelets [17, 22] . In the case of real wavelets, such as the GCP wavelet, the wavelet coherence 284 is equal to 1 whatever times and scales, and therefore cannot be used. Therefore, we used the 285 cross-wavelet spectrum defined by the following equation: 286 order to re-scale both spectra at a same magnitude. 290
Cross-wavelet spectra reveal the underlying relationship between two time series. In our study 291 it highlighted the interactions between rainfall and cholera epidemic. Furthermore, to provide 292 a thorough description of these relationships, a lag parameter between rainfall and cholera cases 293 was introduced in the cross-wavelet spectrum. By analyzing cholera cases at a time t and 294 rainfall at a time t-lag, the lag parameter varied from 0 to a value specified when a cross-wavelet 295 maximum was reached. These lags indicated the number of days between rainfall and its 296 potential consequence on the cholera case toll. In order to evaluate cross-wavelet at different 13/29 lags and times, lagograms were developed that provided cross-wavelet spectra varying through 298 lags and times. 299
Program development and data analysis were conducted using Matlab 7.0.1 (The Mathworks  300 Inc., Natick, MA, USA). after quality control [24, 25] . In this study, we did not include personal data but only the national 317 daily toll of cholera cases. Its time series was analyzed from September 01, 2010 to November 318 20, 2012 (812 days). In order to eliminate edge effects, we excluded from the results the 10 319 first days and the 10 last days. Calculation of the wavelet coefficients (using the normalized 320 wavelet and scanning the whole period) provided a spectral value for each value of the 321 translation parameter , from = 1 to 812 days, and for each value of the scale parameter . 322
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The time series and spectra (at different values of the scale parameter ) are shown in figure 2. 323
The scalogram represents spectrum values according to the scale and the translation parameters 324 ( figure 2B) . 325
The spectral analysis (figures 2C and 2D) highlighted 4 spectrum peaks corresponding to 4 326 bursts of the epidemic that were related to different epidemic mechanisms. The first spectrum 327 peak corresponded to the explosive start at the lower Artibonite valley on October 19, 2010 328 (just after its initiation in the commune of Mirebalais [24]). This high spectrum peak had an 329 impact towards the whole study period, as it remained high at large values of the scale 330 parameter. The second spectrum peak, with a lower magnitude, corresponded to the epidemic 331 spread out of the Artibonite valley (around November 07, 2010). The third spectrum peak 332 corresponded to worsening in cholera incidence concomitant to riots in Port-au-Prince 333 following the first round of presidential elections in early December 2010. This spectrum peak 334 was followed by negative spectrum values mainly shown at large scale ( figure 2D) , 335 corresponding to the slow decrease of the epidemic. After a lull phase, the fourth spectrum 336 peak corresponded to the rainy season (May 2011). This peak was related to an outbreak that 337 showed a profile different from the first ones: its dynamic was more progressive [25] . It was 338 highlighted by the lower magnitude but larger area under the curve of the fourth spectrum peak 339 when considering large values of the scale parameter. The magnitude of these 4 spectrum peaks 340 still remained even if using a larger scale parameter ( = 8). Following these four peaks, the 341 magnitude of the spectrum decreased to undetectable spectrum values which can be interpreted 342 as a slow trend towards epidemic stability as time passed. The particularly high magnitude of 343 the first spectrum peak explained the major part of the variability of the time series. Subsequent 344 small variations of the cholera case toll could thus not be seen. 
Cross-wavelet spectrum 363
The cross-wavelet spectra calculated with a null time lag are presented in figure 5. They showed 364 a globally low relationship between cholera cases and rainfall, except for the epidemic on May 365 2011 at large values of the scale parameter ( figure 5C ), what field epidemiologists also reported. 366
The negative values of the cross-wavelet spectra at the beginning of the studied period can be 367 interpreted as a decoupling of the 2 time series. The relationship between the two time series 368 had thus to be studied at different time lags. Indeed, a lag around 3-4 days, between rainfall 369 and cholera case toll is highlighted by the lagogram, for scale parameter = 1.7 (10 days) 370 (figure 6). Maximum of the cross-wavelet spectra occurred for a 3 day lag at = 58 days, 371 around November 08, 2010 (second cholera case burst), 3 days after hurricane Tomas reached 372
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Haiti (table 2) . Concerning the third and fourth cholera burst, a small amount of rainfall was 373 reported 5-6 days before the third cholera burst (around December 15, 2010). The rainy season 374 began around May 20, 2011, 5-6 days before the onset of the fourth cholera case burst. It is 375 noticeable that no relationship had been exhibited between the decrease of both the cholera case 376 toll and rainfall. Furthermore, high cross-spectra were followed by very low (negative) cross-377 spectra (figure 6), i.e. the transient coupling of the two series were systematically followed by 378 their decoupling. This can be interpreted as a booster effect of rainfall on an ongoing cholera 379 epidemic, after which transmission is neither further accelerated by persisting rainfall, nor 380 immediately stopped with rain cessation. 381 according to the lag between cholera case toll and rainfall, for = 1.7 (10 days wavelet width). 
Discussion

